We prove equivalence of two definitions of representability of matroids: representation by vector configurations and representation by retraction of buildings of type An. Proofs are given in a more general context of representation of matroids in semimodular lattices and Coxeter matroids in chamber systems with group metric.
Introduction
This paper is devoted to the explanation of the equivalence of two definitions of representability of matroids: classical, in terms of vector configurations, and a more general definition, in terms of retractions of buildings of type A n , as it arises in the theory of Coxeter matroids [5] . Proofs become more transparent if one generalises further both concepts and considers representations of matroids in semimodular lattices and Coxeter matroids in chamber systems. Recent results on Coxeter matroids [3] have reemphasised the importance of connections between matroid theory and combinatorics and (co)homology theory of simplicial complexes. The present paper shows that, in this new framework, even the first basic concepts of matroid theory-such as representability-can be treated in purely combinatorial terms.
Definitions and notation used in the paper are mostly standard. Those related to Coxeter groups and buildings can be found in [14, 17, 19, 20] , to lattices and matroids in [16, 21, 22] . See also the forthcoming book [6] . is a maximal chain in L; we say in this situation that the chain is spanned by the (ordered) basis b 1 , . . . , b n . It is worthwhile to recall at this point that geometric lattices, i.e. semimodular lattices of finite height in which every element is a join of atoms, are exactly lattices of flats of matroids.
Semimodular lattices and matroids

Bases of lattices. Let 1 denote the maximal element of a semimodular lattice L of finite height h(L) = h(1). We say that a set of atoms
The following observation is immediate.
Proposition 1 A semimodular lattice of finite height is geometric if and only if every maximal chain is spanned by some ordered basis.
Closure systems and matroids. We recall one of (cryptomorphic) definitions of a matroid. A matroid M = (E, τ ) is a finite set E with a closure operator τ (i.e an increasing, monotone, idempotent function τ : 2 E −→ 2 E ) satisfying the exchange pproperty for closure operators:
See any of books [16, 21, 22] for definitions of independent sets, bases, flats of a matroid and relations to other (equivalent) definitions of a matroid.
Representations of matroids
Let B be a matroid on the set E with the lattice of flats F . An order-preserving injective map f from F to a lattice L is called a representation of
Theorem 2 Let L be a semimodular lattice and B a basis in
Then τ is the closure operator for a matroid M on the set B. The map We shall denote by M x,B the matroid on [n] constructed in Theorem 2 for an element x ∈ L and the basis B. We say that this matroid is represented by x in L with respect to B.
The following result can be stated in terms of the Schubert symbol [2] ; we prefer, nevertheless, to give a more direct treatment as better suited to providing its proof.
Let L be a semimodular lattice of finite height n with a basis B = { a 1 , . . . , a n }. Let x ∈ L. We wish to show that there is another way to associate a matroid on [n] with x, which leads directly to the definition of a matroid in terms of the maximality property [7, 9] . If w is a permutation of the set [n], then we assign weights to the elements of the set [n] so that i has greater weight than j if and only if
We say that A is the w-maximal basis of a given matroid on [n] if A is the basis selected by the greedy algorithm with respect to the weights assigned.
For every permutation w of the set [n] = { 1, . . . , n } denote by A w the subset in [n] formed by those elements i ∈ [n] for which
(1) Proof. We shall prove that the collection B is the collection of bases of the matroid M * and that A w is the w-minimal element of
Theorem 3 With the notation above,
in L , which is true if and only if w −1 (i) is dependent on (i.e., is in the closure of) the set 
with
• for each i, the collection of i-th constituents forms a matroid M i , called the i-th constituent matroid,
• M i is a quotient (or strong map image using the identity map on [n]) of M i+1 for all i m − 1, and
• every flag of the form
See [15] for definitions. We prove in [7, 9] that F is a flag matroid if and only if for each permutation w of [n], there exists a w-maximal basis in F, which is, in fact, in each constituent, the w-maximal basis. Now notice that if x 1 < x 2 < · · · < x k is a chain in L, then, applying the same procedure as in the previous theorem, we assign to every permutation w ∈ Sym n the w-maximal flag of bases A 
If F is the set of all flags x w for w ∈ Sym n then x w is the w-maximal flag in F. Hence F is a flag matroid [9] . 
Every flag matroid is representable
Now we show that every flag matroid may be represented in a semimodular lattice, and even slightly better, in a geometric lattice. Without loss of generality, we may assume that F has constituents of every rank from 1 to n, by inserting Higgs' lifts of M i toward M i+1 where necessary, see [15] . Then by the Factorization Theorem of Strong Maps (see [15, Theorem 8 .27]), each strong map M i+1 → M i may be realised by the extension of M i+1 by a single element, followed by the contraction of that element. In fact, we can realise the entire sequence of strong maps by adjoining n elements z 1 , z 2 , . . . , z n to M n , to get a matroid M + , in such a way that
Now let L be the geometric lattice of the matroid M + . It is now routine to verify that the matroid M x, [n] 
It is not true that there exists a single geometric lattice L such that all flag matroid maps on [n] are representable in L by flags of matroids of the form M x,B for fixed B (although this is trivial to do if we allow variable B). To see this, we note that there exist incompatible extensions according to [12] , that is, extensions of a given matroid which cannot exist in a single common extension. The strong maps which correspond to these extensions can then be placed in sequences of strong maps which give two flag matroids which cannot be represented in a semimodular lattice L with respect to the same basis B.
Group metric on chamber systems
In this section we freely use terminology of chamber systems and buildings [17, 19, 20] , Coxeter groups and Coxeter complexes [11, 17, 19, 20] . A short summary of these concepts can be found in [5, 10] and in the forthcoming book [6] .
Metric with values in a Coxeter group. Let W be a Coxeter group with the set of standard generators r 1 , . . . , r n .
A W -metric on a set C is a map
satisfying, for all c, d ∈ C, the following properties. If we define two elements a, b ∈ C to be r i -adjacent if π(a, b) ∈ { 1, r i }, this turns the set C with a W -metric π into a chamber system of type R = { r 1 , . . . , r n }. In particular, we shall call elements of C chambers. This also allows us to define, in the usual way, galleries and geodesic galleries in C.
We shall require two further properties from the W -metric π. and the word r i1 · · · r i l is reduced.
In this situation we shall say that C is a chamber system with a W -metric. A Coxeter group W with the metric x −1 y is a chamber system with a W -metric, known as the Coxeter complex of type W .
Buildings. This is the most prominent class of chamber systems with a W -metric.
Let W be a Coxeter group with the distinguished set of generators R = { r i , i ∈ I }. By definition, building of type W is a chamber system ∆ with a W -metric such that each panel belongs to at least two chambers, and such that if w = r i1 · · · r i k is a reduced expression for w ∈ W , then π(x, y) = w if and only if x and y can be joined by a gallery of type i 1 · · · i k .
The Coxeter complexes are buildings. In the special case when W = Sym n is the symmetric group on n ≥ 4 letters, buildings of type W , or type A n as they are usually called, are flag complexes of finite dimensional vector spaces over division rings [18] . Therefore buildings of type A n are a special case of flag complexes of semimodular lattices of finite length.
5 Abels' complex for a semimodular lattice.
Herbert Abels [2] had shown that the flag complex of a semimodular lattice of finite height n has a natural structure of a chamber system with Sym n -metric.
We shall use the following definition from Abels' work. Let L be a semimodular lattice of finite height n and C the set of maximal chains in L. Let
) ∈ Sym n can be defined for i > 0 by the following formula:
It is shown in [1] 
Apartments and retractions
From now on we assume that we have a chamber system C with a W -metric π.
Apartments. A π-isometric image of the Coxeter complex W in C is called an apartment.
Notice that this condition is satisfied when C is the flag complex of flats of a matroid B: if B is a basis in B, the chains spanned by all orderings of B form an apartment.
In another important class of examples, namely buildings, apartments exist by [17, Theorem 3.6] . Moreover, by [17, Corollary 3.7] , any two chambers in a building lie in a common apartment.
Retractions. Assume that C has an apartment A. Then, for any given chamber a ∈ A, we can define the retraction of C onto A with the center a as the map ρ a : C −→ A which sends the chamber c ∈ C to the unique chamber b ∈ A with the property π(a, c) = π(a, b). Notice some properties of retractions:
• The map ρ a is an idempotent morphism of chamber systems. Indeed, it sends adjacent chambers to adjacent chambers, by (3) . In particular, ρ a maps galleries in C onto galleries in A.
• ρ a sends geodesic galleries to geodesic galleries, by (4).
• When we consider topological realisations of C and A, the map ρ a gives rise to a retraction, in the topological sense, of the topological space of C onto that of A.
Retractions of buildings were introduced by Tits [18] ; they play an important role in the structural theory of buildings.
Coxeter matroids. Now let us identify the apartment A with W and, given a chamber c ∈ C, define the map µ c : W −→ W by the rule
The main result of [5] can be stated in the following form. A map µ : W −→ W is called a matroid map (equivalent terms: W -matroid [5] , Coxeter matroid for W and 1 [7] ), if
for all u, w ∈ W ; here denotes the Bruhat ordering on W .
Theorem 5 ([5, Theorem 5], see also [4]) In this notation, µ c is a matroid map.
Matroid maps are main objects of the theory of Coxeter matroids as developed in the series of publications [4, 5, 6, 7, 8, 9, 10, 13] . The above result introduces the concept of representability in the theory of Coxeter matroids. Namely, a matroid map µ : W −→ W is representable in a bulilding C (or, in a more general setting, in a chamber system with a W -metric) if µ has the form µ c for some chamber c ∈ C and apartment A ⊆ C.
(Ordinary) flag matroids constitute a special case of Coxeter matroids, for the Coxeter group A n−1 = Sym n , and it is shown in [7, 9] that the condition 3 in that case becomes the maximality property for constituent matroids of a flag matroid, as introduced in Section 2. We shall show in the next section that, in the case of buildings of type A n , i.e. flag complexes of lattices of subspaces in a finite dimensional vector space over a division ring, representation by a retraction is equivalent to the classical concept of representation. 2
The equivalence of the two constructions
Let L be a semimodular lattice and C its chamber system of maximal chains. Let A be the chamber system of maximal chains of the lattice generated by a basis a 1 , . . . , a n in L. Obviously A is isomorphic to the complex of chains of subsets in [n] . Also it is easy to see that A is the Coxeter complex for Sym n as a Coxeter group. We can identify a permutation σ in W = Sym n with the maximal chain, or chamber, in A which is σ-maximal. Now let x = { 0 < x 1 < x 2 < · · · < x n = 1 } be a maximal chain in L. Denote by w the flag of sets w( [1] 
) ⊂ w([2]) ⊂ · · · ⊂ w([n])
and by x w the flag x This means that the map x → x w coincides with the retraction of C onto A with the center w.
Proof. Since the property which we need to verify involves only one fixed permutation w, we can assume, after appropriately renumbering the atoms a 1 , . . . , a n , that the permutation w is the identity permutation, w = 1, and the flag w equals the chain e = { a 1 < a 1 ∨ a 2 < · · · < a 1 ∨ · · · ∨ a n }.
So we need to check the identity π(e, x) = π(e, x e ).
By Equation 2, π(e, x)(j)
On the other hand, Equation 1 defines the set x k e as the set of those i for which
We immediately see from these two equations that π(e, 
